In this chapter, we consider the geometry of configurations of points generated by arbitrary sets of positions of a rigid body. The goal is to find those points in the moving body that lie on specific algebraic surfaces. The result is a set of algebraic equations that can be remarkably complex.
Overview
In this chapter, we consider the geometry of configurations of points generated by arbitrary sets of positions of a rigid body. The goal is to find those points in the moving body that lie on specific algebraic surfaces. The result is a set of algebraic equations that can be remarkably complex.
The problem originates with Burmester's determination (Burmester 1886[3] ) of points in a body that lie on a circle for an arbitrary set of five planar positions. He used these Burmester points to design a linkage that guided the body through the specified positions. His result was a graphical solution to a set of five quadratic equations in five unknown paramters. Today, these equations are relatively easy to solve numerically, see Suh and Radcliffe (1978) [32] , Sandor and Erdman (1984) [26] , or McCarthy (2000) [15] . Chen and Roth (1967) [4] introduced a generalization of this problem which seeks points and lines in a moving body that take positions on surfaces associated with articulated chains used to build robot manipulators. See Craig (1989) [5] or Tsai (1999) [34] for a discussion of serial chain robots. Our focus is two-jointed chains that supports a spherical wrist. The center of this wrist traces a surface which is said to be "reachable" by the chain. Considering the various ways of assembling these articulated chains, we obtain seven reachable algebraic surfaces, and the problem reduces to computing the dimensions of these chains from a set of polynomial equations.
It is interesting how quickly the complexity of the problem increases with the number of dimensional parameters and the degree of the surface. The total degree of the polynomial systems that we consider range from 32 for the simplest to over 4 million for the most complex. The equations have significant internal structure, so it is possible to use a linear product decomposition (Bernshtein 1975[2] and Morgan et al. (1995) [17] ) to provide a better bound on the number of solutions, which range from 10 to over 800,000. Where possible we have used polynomial elimination to verify the number of roots (Neilsen and Roth 1995[18] and Husty 1996[6] ), but in the more complex examples we used polynomial continuation (Tsai and Morgan (1985) [35] , Morgan and Sommese 1989[16] , Sommese et al. 2002[27] ). Currently, our estimates of the computation time for the elliptic cylinder, circular torus and general torus are beyond what we can afford, but we are working toward efficient algorithms to address these cases.
Introduction
An interesting and well-known problem in geometry is the determination of the algebraic surface that passes through a given set of points. This problem is solved by evaluating a generic version of the polynomial that defines the surface on each of the given points in order to obtain a set of equations in the coefficients that define the surface.
For example, a sphere of radius R with center B = (u, v, w) is defined so a general point P = (X, Y, Z) satisfies the equation,
Notice that if we evaluate the polynomial S(P) = 0 on a general set of four points P i , i = 1, . . . , 4, then we obtain a set of four equations S i = 0 that can be solved to determine the four parameters B = (u, v, w) and R. This is described by saying that four points define a sphere.
This problems can be generalized by considering the points P i to be images of one point p = (x, y, z) under a specified set of spatial displacements T i . If we include the coordinates of p as part of the problem, then we find that seven spatial displacements completely define the sphere and point, such that the sphere passes through all seven positions of the point (Chen and Roth 1967[4] ). This generalized problem finds a practical application in the design of articulated serial chains. For example, the TS chain shown in Figure 1 has a gimbal joint (T-joint) at its shoulder and a ball joint (S-joint) at the wrist of its gripper, and no elbow joint, (McCarthy 2000 [15] ). Thus, the wrist center P moves on a sphere about the center B of the gimbal joint which we call the reachable surface of the chain. Computation of the points P and B that define this reachable surface, yields a TS chain such that the gripper reaches seven arbitrarily specified positions.
In what follows, we use homogeneous transforms to define the rigid transformations that form the data for the generalized problem, consider an array of surfaces and associated serial chains, and examine the challenge of solving the resulting polynomial equations.
Spatial Displacements
The position of a body in space is defined by attaching a frame M and determining the 3 × 1 translation vector d that locates the origin of M relative to a ground frame F , and by determining the 3 × 3 rotation matrix [A] that defines the orientation of M relative F . This matrix and vector combine to transform the coordinates p = (x, y, z) of a point in the moving frame M to P = (X, Y, Z) in the fixed frame F , by the formula
This transformation has the property that distances between points measured in M are preserved in F , and is called a spatial displacement. For reference, see Suh and Radcliffe (1978) [32] , Bottema and Roth (1979) [1] . or McCarthy (1990) [14] . Spatial displacements (2) are not linear operators. because T (x + y) = T (x) + T (y). It is easy to adjust for this inhomogeneity by adding a fourth component to our position vectors that always equals 1. The result is the rotation matrix 
which we write as
For convenience we do not distinguish homogeneous point coordinates. Therefore, our vectors have three components and we add a fourth component of 1 when appropriate for the use of 4 × 4 transforms.
Dual Quaternions
For every homogeneous transform [T ] = [A, d], we can determine an invariant line L(t) = C + tS, which we also write as the Plucker vector S = (S, C × S).
The direction S of this line is the rotation axis of the matrix [A], which means it satisfies the relation [I − A]S = 0. The point C is obtained by solving the equation
where we assume |S| = 1. See McCarthy (1990) [14] or McCarthy (2000) [15] for explicit formulas for C. The displacement [T ] defines the position of M relative to F as the rotation around S by the angle φ obtained from the complex eigenvalues of [A], offset by a slide k along S where k = S · d. This is the well-known result the every spatial displacement is equivalent to a rotation around and translation along a fixed line called a screw displacement, Bottema and Roth (1979) [1] .
The parameters of a screw displacement can be assembled into an eight dimensional vector known as a dual quaternion. To define a dual quaternion, we introduce dual numbersâ = a + a
• , where 2 = 0, thus dual numbers add componentwise and multiply by the rulê
This formalism allows us to define the dual angleφ = φ + k, such that
A rotation of φ and slide k around and along the line S defines the dual quaternionQ
where S = S + C × S is the dual vector form of the Plucker coordinates of the line. The components of a dual quaternionQ= (q 1 , q 2 , q 3 , q 4 ) + (q
• can be assembled into an eight dimensional vectorQ = (q, q • ), and it is easy to verify that these component satisfy the constraints, q · q = 1, and q · q • = 0.
Thus, using dual quaternions we obtain a coordinate representation of the set of spatial displacements as an algebraic submanifold in R 8 called its image space by Ravani (1984) [24] . Also see Ravani and Roth (1983) [23] . A slight variation of tis was called soma space by Cayley (Bottema and Roth 1979) [1] .
The elements the rotation matrix and translation vector in a homogeneous transform can be defined in terms of the components of the associated dual quaternion, so we have [
Articulated Serial Chains
A serial chain is a sequence of rigid links connected by joints that forms the skeleton of a mechanical system. One end is connected to ground while the other end forms the workpiece, or end-effector. In general, each joint of the chain allows either pure rotation about, or a linear slide along, the joint axis, termed revolute and prismatic joints, respectively. The number of these joints defines the degree of freedom of the chain (Craig 1989[5] ). The sequence of two revolute joints that have axes that intersect at right angles is a common structure and is called a gimbal or universal joint, denoted by a T. Similarly, the sequence of a revolute and a prismatic joint constructed so their axes are parallel is called a cylindric joint. Finally, the three revolute chain constructed so the axes of the joints are concurrent is called a spherical, or ball, joint. See Table 1 for a description of these five basic joints.
For our purposes, we assume the end-effector is supported by a spherical wrist that allows full orientation of the gripper about its wrist center, P and simply consider the surfaces that can be traced by P with the movement of two remaining joints. It is easy to list the possibilities. The combinations of R and P for the first two joints yields four basic chains: RRS, RPS, PRS, and PPS. The surfaces reachable by the wrist center of these chains are, respectively, the general torus, the circular hyperboloid, the elliptic cylinder and the plane.
We can obtain additional reachable surfaces by specializing the dimensional parameters that characterize the first two joints. In particular, the RR chain, Figure 2 , has two defining parameters the distance, ρ, between the joint axes along their common normal line, and the angle α between them measured around this common normal. For α = π 2 we have the chain ⊥RRS that traces a circular torus. The case α = 0, denoted RRS, traces a plane and is equivalent to the PPS chain. If the parameter ρ = 0, then the surface is part of a sphere, and fills the sphere for α = π 2 which characterizes a TS chain.
For RP and PR chains, only the angle α is important because this joint ensures that all points to travel on lines parallel to its direction. We can identify the special cases of the RPS and PRS for which this angle is α = 0, which in both cases become the CS chain that traces a circular cylinder. If this angle is α = π 2 , denoted ⊥RPS, then the surface is again a plane equivalent to that traced by the PPS chain.
Finally, all PP chains are essentially the same as long the directions of the two joints are not parallel, so that some component of movement perpendicular to the first prismatic joint is available by sliding along the second joint.
The result is a set of seven algebraic surfaces that are reachable by the wrist centers of a set of articulated chains. See Table 2 . In what follows, we examine the equations of these surfaces and consider the problem of computing the surface for given a set of spatial positions. 
The Plane
A point P = (X, Y, Z) lies on a plane with the surface normal G = (a, b, c)
The parameter d is the product of the magnitude |G| and the signed normal distance to the plane. Given a set of spatial displacements,Q i , i = 1, . . . , n, we have the images
p of a single point p in the moving frame M . We seek both the plane P : (G, d) and the point p = (x, y, z), so each P i lies on this plane.
There are seven parameters in this problem, however the components of G are not independent because only its direction is important to defining the plane, not its magnitude. A convenient way to constrain this magnitude is to choose an vector m and a scalar e, and require that m · G = e. We add to this six equations obtained by evaluating (10) on six arbitrary displacements, given by
Subtract the first of these equations from the remaining to eliminate d, and the result is the polynomial system
This is a set of five quadratic equations and one linear equation in the six unknowns (a, b, c, x, y, z). The total degree of this system of polynomials is 2 5 = 32, which means that for six arbitrary displacements there are most 32 points in the moving body that have six positions on a plane.
We can improve the estimate of the number of solutions to this problem by considering the monomial structure of these equations. Let x, y represent the set of linear combinations of x and y, for example αx + βy, where α and β are arbitrary constants. We can define the product of x, y a, b as the set of linear combinations of the product of the elements, that is x, y a, b = xa, xb, ya, yb . Notice that this product commutes.
Using this notation, we can construct the linear combinations of monomials that contain our equations (12) as
This is known as the linear product decomposition (LPD) of the polynomial system (Verschelde and Haegemans 1993 [36] , Morgan et al. 1995[17] ). This form of the equations makes it is easy to estimate the number of roots, simply construct all combinations of linear factors that can be set to zero and solved for the unknown parameters. In this case, we have 5 2 = 10 roots, which means that there are at most 10 points in the moving body that have six positions on a plane.
Direct elimination of the parameters yields a univariate polynomial of degree 10, which shows that this LPD bound is exact. It is interesting to note that our numerical calculations have not yielded more than four real solutions.
Once the plane P and point p are defined, then it is possible to determine a PPS chain, a RRS or a ⊥RPS chain that guides this point through the specified positions. 
The Sphere
We now return to our opening example in which a point P = (X, Y, Z) constrained to lie on a sphere of radius R around the point B = (u, v, w), Figure  4 . This means its coordinates satisfy the equation
We now consider P i to be the image of a point p = (x, y, z) in a moving frame M that takes positions in space defined by the displacementsQ i , i = 1, . . . , n. See Innocenti (1995) [7] , Liao and McCarthy (2001) [12] and Raghavan (2002) [22] .
This problem has seven parameters (u, v, w, R, x, y, z), therefore we can evaluate (14) on n = 7 displacements to obtain the equations
Subtract the first equation from the remainder in order to obtain the system of polynomials
Notice that this eliminates the terms R 2 and B 2 . This is a system of six quadratic polynomials in six unknown parameters with a total degree of 2 6 = 64.
We examine the monomial structure of equations (16) in order to obtain a tighter bound on the number of solutions. It is easy to see that the term B · (P j+1 − P 1 ) is contained in the set of monomials spanned by the product u, v, w x, y, z, 1 . What is more subtle is that fact that the term (P j+1
2 is contained in the set of monomials x, y, z, 1 . This can be shown by the computation
where we see that the quadratic terms cancel. Notice that because
the system (16) has the linear product decomposition
From this we can compute the LPD bound 6 3 = 20. Parameter elimination yields a univariate polynomial of degree 20, so we see that this bound is exact. Innocenti (1995) [7] presents an example that results in 20 real roots. Also see Raghavan and Roth (1995) [21] .
The conclusion is that given seven arbitrary spatial positions that there can be as many as 20 points in the moving body that have positions lying on a sphere. For each real point, it is possible to determine an associated TS chain.
The Circular Cylinder
In order to define the equation of a circular cylinder, let the line L(t) = B+tG be its axis. A general point P on the cylinder lies on a circle about the point Q closest to it on the axis L(t). See Figure 5 . Introduce the unit vectors u and v along G and the radius R of the cylinder, respectively, so we have
where d is the distance from B to Q. Compute the cross product of this equation with G, in order to cancel d before squaring both sides. The result is
In this calcuation we use the fact that (v × G) 2 = G 2 . Another version of the equation of the cylinder is obtained by substituting d = (P − B) · u into (20) and squaring both sides to obtain
Notice that we allow G to have an arbitrary magnitude. This form of the cylinder is related to the equation of the circular hyperboloid, which is discussed in the next section. Equation (21) has 10 parameters, the radius R and three each in the vectors P = (X, Y, Z), B = (u, v, w) and G = (a, b, c). However, because only the direction of G is important to the definition of the cylinder, its three components are not independent. We set the magnitude of G as we did above for the equation of the plane. Choose an arbitrary vector m and scalar e and require the components of G satisfy the constraint,
The components of the point B are also not independent, but for a different reason. It is because any point on the line L(t) can be selected as the reference point B. We identify this point by requiring B to lie on a specific plane
where n and f are chosen arbitrarily to avoid the possibility that the line L(t) may lie on U . Eight more equations are obtained by evaluating (22) with P specified as the image of p = (x, y, z) for eight spatial displacements, that is
Subtract the first equation from the remaining to eliminate R
Expand the terms in this equation to obtain the system of polynomials
This is a set of seven polynomials of degree four and two linear equations. The total degree is 4 7 = 16, 384. See Nielsen and Roth (2995) [18] and [30] for additional details about this problem.
We now consider the monomial structure of polynomial system (27) . The polynomials P i are linear combinations of monomials in the set generated by 
The products commute, a b = b a , and they distribute over unions,
which can be written as
This shows that the polynomial system (27) has the monomial structure,
C 1 ∈ u, v, w, 1 = 0, and
In order to estimate the number of roots we see that to specify G = (a, b, c) we must combine C 2 with two terms a, b, c from the seven polynomials P i .
Because this term is squared, the number of choices is increased by a factor of 2 2 = 4. For the remainder of the parameters, we can choose from zero to three of the terms x, y, z, 1 from the remaining five polynomials to define p = (x, y, z). The third terms in what is left and C 1 define the remaining parameters. This yields the LPD bound of
which is much reduced from the total degree of 16, 384.
For polynomial systems with a large number of roots, elimination is not attractive, but we may find all solutions using polynomial continuation. We used the software PHC (Verschelde 1999[45] ) and POLSYS-PLP (Watson et al. 1997 [38] ) to compute the roots for random test cases and determined that the exact root count for this problem to be 804. Clearly, there is more structure in this system of polynomials than what is shown in the linear product decomposition.
Thus, we find that for eight arbitrary spatial positions we can find as many as 804 points in the moving body each of which has all eight positions on a circular cylinder. For each of these points, we can determine an associated CS chain. 
The Circular Hyperboloid
A circular hyperboloid is generated by rotating one line around another, so that every point on the moving line traces a circle around the fixed line, which is the axis of the hyperboloid, Figure 6 . Of all of these circles there is one with the smallest radius, R, and its center B = (u, v, w) is the center of the hyperboloid. Let G = (a, b, c) be the direction of the axis, and denote its Plucker coordinates as G = (G, B × G). A unit vector N perpendicular to G though B is the common normal between the axis G and one of the generated lines, H. The generator is located at the distance R along N, and lies at an angle α around N relative to the axis G.
If point P is a point on the generator H, then its d measured along the axis G from G is given by
Notice that we are not assuming that G is a unit vector. Tthe magnitude of P − B is now computed to be
Substitute d into this equation to obtain the equation of a circular hyperboloid
When α = 0, this equation becomes the equation of a cylinder presented in the previous section. Figure 6 (a) shows the RPS chain associated with the circular hyperboloid. The R-joint axis is G, and its P-joint axis in the direction α measured around the common normal. The point P is the center of the S-joint, and lies at the distance R in the direction N of the common normal.
Expand equation (35) and collect terms to obtain
where we have introduce the parameters k 0 , K = (k 1 , k 2 , k 3 ) and ζ defined by
Given values for ζ, k 0 , K, and G, we can compute B by solving the linear equations
Then the length and twist parameters, R and α, are obtained from the formulas
Thus, the 11 dimensional parameters ζ, k 0 , K, G, and P define a circular hyperboloid.
As we have done previously, we set the length of G by choosing an arbitrary vector m and scalar e to define the constraint,
This means given 10 arbitrary displacements,Q i , we can map a point p = (x, y, z) to its displaced positions P i = [T (Q i )]p, i = 1, . . . , 10. Evaluating the equation of the hyperboloid on these 10 points, we obtain
Subtract the first of these equation from the remaining in order to eliminate ζ and define the system of polynomials
This is a system of nine fourth degree polynomials H j and one linear equation C which has a total degree of 4 9 = 262, 144. See Neilsen and Roth (1995) [18] and Kim and Tsai (2002) [8] for other formulations of this problem.
A better bound on the number of solutions can be obtained by considering the monomial structure of the these equations. Recall that the term P j+1 2 − P 1 2 is linear in x,y, and z, because the quadratic terms cancel, see (17) . This means the polynomials P j have the monomial structure
This simplifies to yield the linear product decomposition for the system (42) as
This structure allows us to count the number of roots from the number of admissible sets of linear equations that yield solutions for the unknown parameters. In this case we obtain LPD = 2 2 9 2
Polynomial continuation software (PHC) was used to determine the the number of solutions to these equations for a set of randomly specified displacements. The result was a generic root count of 1020, which took almost 24 hours to compute on 2.4GHz Pentium IV, [31] .
The result is that for ten arbitrary spatial positions we can find as many as 1020 points that have all 10 positions on a circular hyperboloid. For each of these points we can find an associate RPS chain. 
The Elliptic Cylinder
An elliptic cylinder is generated by a circle that has its center swept along a line L(t) = B + tS 1 such that the vector through the center normal to the plane of the circle maintains a constant direction S 2 at an angle α relative to S 2 , see Figure 7 . The major axis of the elliptic cross-section is the radius R of the circle and the minor axis is R cos α. This surface is generated by the wrist center a PRS chain that has its P-joint aligned with the axis L(t) and its R-joint positions so its axis is along S 2 .
Consider a general point on the cylinder P, and let Q be the center of the circle. The point Q moves along the axis L(t) which has the Plucker coordinates S 1 = (S 1 , B × S 1 . The distance from the reference point B to Q is denoted d. These definitions allow us to express the location of P relative to B as
where u is a unit vector in the direction S 1 × S 2 . Compute the cross product with S 1 to eliminate d, and the cross product with S 2 to obtain
The magnitude of this vector identity yields our equation of the elliptic cylinder
This equation has 13 dimensional parameters: the radius R, three each for the directions S 1 , S 2 , and the points P and B. Notice that if S 1 = S 2 = G this simplifies to the equation of a circular cylinder. There are actually only 10 independent parameters in (48) and we can determine three additional linear constraints. First, note that it is the directions of S 1 and S 2 that matter not their magnitude. We specify these magnitudes by introducing two arbitrary planes V k : (m k , e k ), k = 1, 2. In general, the lines through the origin parallel to S i must intersect these planes, respectively. We select these points of intersection to be S i ; that is, we require
Next, we note that any point along the line S 1 can serve as the reference point B for the axis of the cylinder. We determine B by specifying an arbitrary plane U : (n, f ). In general, the line G must intersect this plane, and we select this point at B. Thus, B satisfies the linear equation
Notice that n is the unit normal to the plane and f the directed distance from the origin to the plane. We now consider the images of a point p = (x, y, z) generated by 10 spatial displacements, that is
Evaluate the equation of the elliptic cylinder on these 10 points to obtain
Subtract the first of these equations from the remaining to obtain the system of polynomials
The result is nine polynomials of degree six, and three linear equations. The total degree of this polynomial system is 6 9 = 10, 077, 696. The total degree of this system can be reduced as follows. Expand the triple product
where
Add to this the constraints
This combines with the other constraints to reduce the degree of these polynomials to four. We have
which is of fourth degree. This allows us to define obtain a new version of the polynomial system
The degree of this system is (2 3 )(4 9 ) = 2, 097, 152. As we have done previously, we examine the monomial structure of the equations E j . Let S 1 = (a, b, c), K = (k 1 , k 2 , k 3 ), and Q = (q 1 , q 2 , q 3 ), and recall that the quadratic terms in P j+1 2 − P 1 2 cancel, as does the term Q 2 . Thus, the polynomial E j has the monomial structure
This leads to the linear product decomposition for this polynomial system
The LPD bound for this system is 247,968 which is large. Our current algorithms for polynomial continuation require about 24 hours to compute 9,000 roots which means it would take approximately 26 days to compute the roots for this system. This computation time can be reduced by distributing the calculation among many processors, and this is the direction of current research.
The Circular Torus
A circular torus is generated by sweeping a circle around an axis so its center traces a second circle. Let the axis be L(t) = B+tG, with Plucker coordinates G = (G, B × G). See Figure 8 . Introduce a unit vector v perpendicular to this axis so the center of the generating circle is given by Q − B = ρv. Now define u to be the unit vector in the direction G, then a point P on the torus is defined by the vector equation,
where φ is the angle measured from v to the radius vector of the generating circle.
An algebraic equation of the torus is obtained from (60) by first computing the magnitude (P − B)
Next compute the dot product with u, to obtain
Finally, eliminate cos φ and sin φ from these equations, and the result is
This is the equation of a circular torus. It has 11 parameters, the scalars ρ and R, and the three vectors G, P and B.
In contrast to what we have done previously, here we set the magnitude of G to a constant, in order to simplify the polynomial (63),
Unfortunately, this doubles the number of solutions since −G and G define the same torus, however, it reduces this polynomial from degree sixth to degree four. LetQ i , i = 1, . . . , 10 be a specified set of displacements, so we have the 10 positions P i = [T (Q i )]p of a point p = (x, y, z) that is fixed in the moving frame M . Evaluating (63) on these points, we obtain the polynomial system
The total degree of this system is 2(4 10 ) = 2, 097, 152. In order to simplify the polynomials T i we introduce the parameters
which yields the identity
Substitute these relations into T i to obtain
It is difficult to find a simplified formulation for these equations, even if we subtract the first equation from the remaining in order to cancel terms. Expanding the polynomial T i and examining each of the terms, we can identify the linear product decomposition
This allows us to compute the LPD bound on the number of roots as 
This polynomial system would take over 94 days for our algorithms to solve. It seems that there is significant structure in the monomials of in these equations, and that its use may facilitate their solution. This problem requires more study. 
The General Torus
A general torus is defined by sweeping a circle that has a general orientation in space about an arbitrary axis. See Figure 9 . Let S 1 = (S 1 , B × S 1 ) be the Plucker coordinates of the line that formes the axis of the torus, and S 2 = (S 2 , Q × S 2 ) define the line through the center of the circle that is perpendicular to the plane of the circle. These two lines define a common normal N and we choose its interesection with S 1 and S 2 to be the reference points B and Q, respectively. The normal angle and distance between these lines around and along their common noramal are denoted α and ρ. Finally, we identify the center of the circle as lying a distance d along S 2 measured from Q.
In this derivation, we constraint S 1 and S 2 to be unit vectors, in order to reduce the degree of the resulting equation. This allows us to define the unit vector in the common normal direction as n = (S 1 × S 2 )/ sin α, so we obtain a general point P on the torus from the vector equation,
The algebraic equation for the torus is obtained by first computing
and
Notice that S 2 × n is
Now, eliminate φ between these two equations to obtain
This equation has the four scalar parameters ρ, α, d and R, and the three vector parameters P, B, and S 1 . These, 13 parameters combine with the constraint that |S 1 | = 1, to yield 12 independent parameters. In order to simplify the use of equation (75), we introduce the parameters
These parameters allow us to write (75) in the form
This is a quartic polynomial in the three scalars k 1 , i = 1, 2, 3 and three vectors P, B, and H. Given a set of displacementsQ i , i = 1, . . . , 12, we evaluate (77) on the points
Subtract the first of these equations from the remaining to cancel k 3 and obtain
The total degree of this system of polynomials is 4 11 = 4, 194, 304. We can refine the estimate of the number of roots of this polynomial system by using the linear product decomposition. Expanding the polynomial GT j , we obtain the terms
Notice that the quartic terms in the first expression cancel. We combine these monomials into the linear product decomposition,
This allows us to compute the LPD bound of 448,702. Our algorithms for polynomial continuation would require over 48 days to determine all of the roots of this system. Current research is focussed on parallel algorithms that will allow us to solve these polynomial equations efficiently.
A Generalization of this Problem
It may not be obvious from our presentation, but each of the polynomials that we have studied can be viewed as an algebraic equation in dual quaternion coordinatesQ = (q 1 , q 2 , q 3 , q 4 , q [14] ). This manifold is lies in the image space, or soma space, that represents the set of all spatial displacements. From this point of view, we have evaluated this algebraic manifold on a given set of pointsQ i in the image space in order to determine its defining parameters. Ravani and Roth (1983) [23] introduced this as a new approach to linkage synthesis.
This approach can be generalized to manifolds that represent other articulated chains but are not be easily expressed as algebraic manifolds. The kinematics equations of the chain are the sequence of relative transformations along the chain that define the location of its end-effector relative to the base. The physical dimensions of the chain that appear in these equations are parameters that define the manifold reachable by the chain in the image space of spatial displacements. Mavroidis et al. (2001) [13] used these kinematics equations evaluated at a given set of spatial displacements to determine the dimensions of a spatial RR chain. Lee and Mavroidis (2002a,b) and then formulated and solved the equations for spatial RRR and PRR chains that reach a given set of spatial displacements.
Perez and McCarthy (2002a) [19] formulated the kinematics equations of these articulated chains directly in terms of dual quaternion. The coordinates of the joint axes become the parameters that define the constraint manifold. This work generalizes the screw triangle formulation originally presented by Tsai and Roth (1972) [33] . These equations were used determine RRR, RPR and TPR chains that reach a specified set of displacements. See Perez and McCarthy 2002b [20] .
As we have seen, the complexity of these problems increases rapidly with the number of parameters that define the manifold, or chain. The most challenging case appears to be the 5R spatial chain, which has at least 20 parameters, four for each of the five joint axes. Table 3 . Summary of the total degree, LPD bound, and number of solutions of the polynomial equations that define each reachable surface.
Conclusion
In this chapter, we have examined the geometric problem of determining a surface that is reachable by a point in a moving body that takes a specified set of positions in space. We focus on seven surfaces that are traced by the center of the spherical wrist of an articulated, see Table 3 . The algebraic equations of these reachable surfaces are evaluated on each of the displacements to define a set of polynomial equations, which are then solved to determine the surface. The complexity of this problem increases rapidly with the number of parameters required to specify the surface. These polynomial systems have significant internal structure which means there number of roots is actually far less than the total degree. For example, in order to determine the circular hyperboloid generated by 10 spatial positions, we must solve a polynomial system of total degree 262,144, that actually has only 1020 roots.
There is an advantage to the high degree of these polynomial systems, it means that there are many solutions. And once we have an efficient way to find these solutions, we can explore their distribution in space. Currently, parallel algorithms for polynomial continuation are under development that can reduce to computation time for even the most difficult of these reachable surfaces to less than one day. At that point, evaluating and displaying the large number of solutions will pose interesting challenges.
There remains, also, the remarkably challenging class of problems that arise using the parameterized form of the constraint manifold, of which the 5R chain appears to be the most difficult. It will take much more work to understand and solve the equations associated with this articulated chain.
